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Abstract-This paper discusses the behavior of a toroidal th~rmosyphon with known heat flux around the 
loop. Criteria are first established for steady state solutions. The transient governing equations are then 
transformed to an infinite set of ordinary differential equations. The flow velocity, however, can bedetermined 
from a set of three equations which decouple from the rest. The existence and stability of the critical points of 
these equations are examined, and typical numerical solutions for different values of the governing parameters 

are presented. Chaotic solutions are shown to be possible. 

1. INTRODUCTION 

FREE convection loops have been studied in reference to 
naturally occurring phenomena as well as for 
engineering applications. Examples include the study 
of solar heating systems, nuclear reactor cooling, 
geological flows, etc. 

One-dimensional thermosyphon models can be 
developed for a closed loop of perfectly general form [ 1, 
23. There are some advantages in this formulation but 
the principal disadvantage lies in the complexity of the 
governing equations which inhibits analytical treat- 
ment. The time-dependent problem has to be treated, 
for the present, through the study of specific cases. 

The literature on the subject shows that different 
configurations have been studied, but no mathematical 
(or other) advantage has been put forward for any of 
them. By and large, importance has been placed on the 
rectangular [3-51 and toroidal loops [6-141. 

Most studies on the toroidal loop have considered 
one of the following modes of heating : 

(a) Known heating flux over part of the loop and 
convective cooling with constant heat transfer 
coefficient and known wall temperature over the rest. 

(b) Known heating flux over the whole Loop. 
(c) Convective heat transfer with constant coef- 

ficient and known wall temperature over the whole 
loop. 

Other treatments have included consideration of the 
temperature change in the cooling heat exchanger or 
property variations [9-l 1, 151. 

Generally speaking, experimental work has ap- 
proximated heating mode (a). Creveling et al. [6] were 
the first to observe instability in single-phase flow, 
Damerell and Schoenhals [7] reported the results of 
experiments carried out on an asymmetrically heated 
toroidal loop. Their theoretical analysis, though 
approximate, was the first to recognize the multiplicity 
of time-independent solutions to the thermosyphon 
problem with heating modes (a) and(b). (Similar results 
given in [ 163 are for a slightly different case.)They could 

not observe experimentally ‘the existence of these 
multiple solutions. Greif et al. [S] confirmed 
numerically the instability which had been pointed out 
by Creveling et al. [6]. Other results on the toroidal 
thermosyphon have been reported in [9-l 11, all using 
numerical methods. 

The time-dependent problem will be studied by a 
Galerkin-type technique which was first introduced by 
Sal&man [17] in 1962 to enable him to transform the 
problem of natural convection in a fluid layer to an 
equivalent infinite set of ordinary differential equ- 
ations. To facilitate analysis, these were later truncated 
to a set of three by Lorenz [18], who obtained and 
studied the equations which now bear his name. The 
first application of this method to the toroidal 
thermosyphon problem was made in 1972 in a brief but 
excellent paper by Malkus [ 191. Theconvective heating 
was from a constant wall temperature, while the known 
heating flux was restricted to the cosine modes only in 
the Fourier expansion. These assumptions permit 
decoupling of the first three equations, which are the 
Lorenz equations, from the rest. The same method can 
be applied and the Lorenz equations obtained for 
heating mode (c) [13]. The double diffusive problem is 
discussed in [ 121. 

A recent paper by Hart [20] tackles a general heating 
flux, including heating mode (a), under certain 
symmetry conditions. His assumption ofsymmetry, not 
only in the heating flux but also in the temperature field, 
permitted him to decouple three “master” equations 
from the rest. These three which can be transformed 
into the Lorenz equations describe the dynamical 
problem entirely. The basic assumption of temperature 
symmetry is, however, difficult to justify since 
numerical calculations [8] show distinct asymmetry 
about a vertical diameter even if the heating is 
symmetrical. 

In the Appendix we analyze a specific case of heating 
mode (a) in which no temperature symmetry is 
assumed. The infinite set of ordinary differential 
equations so obtained remains coupled. Therefore, any 
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NOMENCLATURE 

nondimensional heat flux parameters 
defined in Section 4 
specific heat of fluid 
diameter of thermosyphon tube 
acceleration due to gravity 
local gravitational acceleration 
length of loop 
heat influx per unit length 
non-dimensional heat influx 
mean radius of torus 
lon~tudinal coordinate 
temperature 
characteristic temperature difference 
time 
mean fluid velocity 
non-dimensional fluid velocity 
variables defined in Section 4 
root mean square value of x(r). 

Greek symbols 

B coefficient of thermal expansion 
0 angular coordinate 
V kinematic viscosity of fluid 

P fluid density 
d radian frequency 
z non-dimensional time 
t* time period 
AZ step length for numerical integration 

(#J non-dimensional fluid temperature. 

Subscripts and superscripts 
C cosine coefficient of Fourier series 
S sine coefficient of Fourier series 

time independent solution & 
amplitude of perturbations. x’ 

truncation to a finite set would involve an 
approximation similar to that made by Lorenz [18]. 
The general heat transfer case is discussed in [Zl]. 

In the present work we consider a toroidal 
thermosyphon with heating mode (b). Even though it is 
difficult to achieve experimentally, this condition also 
permits an exact reduction of the problem to a set of 
three ordinary differential equations, without the need 
for any symmetry assumption. The resulting equations, 
furthermore, have some of the characteristics of the 
Lorenz equations, including chaotic solutions. 

2. TOROIDAL ~HERMOSYPHON 

For a general loop configuration, momentum and 
energy considerations lead to [ 1,4] 

(I) 

where the dependent variables are u(t) and T(s, r), being 
the mean velocity and temperature, respectively. The 
local component ofthe gravitational acceleration along 
the negative s direction along the loop is denoted by 
g(s). For simplicity, frictional force corresponding to 
fully developed flow in a straight pipe of circular cross- 
section is considered, even though other power law 
friction factors can be easily considered [20]. All fluid 
properties are taken constant except for the density 
which varies linearly with temperature in the buoyancy 
term. Viscous dissipation and axial conduction which 
have been considered in 1141 and [22 J* respectively, are 
neglected here. 

For any thermosyphon loop, all functions of the 
longitudinal coordinate s,like g(s), T(s, t) and q(s) are L- 
periodic ins. Especially, for the gravity function we can 
use a Fourier series expansion of the form 

g”(s) = 2 (gi cos (Znns/L)+gE sin (2nns/L)f. (3) 
#B=l 

The “simplest” problem would result in taking g; and 
9; different from zero and g; = gS, = 0 for n > 1. We 
have then 

g(s) = g; cos (Zas/L)+g; sin (2ns/L) 

= g cos (Zxs/L - 0,) (4) 

where g2 = {gi)* -t (gi)’ and 0, = tan-’ (g;/gi), g 
being the acceleration due to gravity. This gravity 
function corresponds to a toroidal thermosyphon. 
Choosing the origin of s correctly, we can make go zero 
without any loss ofgenerality. It is customary to use the 
angular coordinate 0 given by 0 = s/R, where R is the 
mean radius of the torus. Measuring 0 from the 
horizontal (Fig. 1) we have 

B(O) = g cos 0. 

The governing equations (1) and (2) reduce to 

0) 

du 32v @g ‘a 

X+-U=Z D2 s 
Tcos 0 d0 (6) 

0 

and 

These equations can be non-dimensionaIized by using 
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FIG. 1. Toroidal thermosyphon. 

the variables 

r = 32vt/D= 

v(7) = uD=/32vR 

4(& 7) = (T-T,)/A.T 

Q(e) = q(e)/(fmcAW 

where 7” is a reference temperature and 

AT = 2Q48nRv2/~gD4. 

Equations (6) and (7) then take the form 

dv 

s 

2a 

z+v= C$ cos e de 
0 

z+v$=en. 

3. TIME-INDEPENDENT SOLUTIONS 

Multiplicity of solutions due to the f sign in 

equation (14) was first pointed out by Damerell and 
Schoenhals [7]. For the existence of these solutions we 
must add to (12) the following restriction obtained from 

(14): 

j;zcosO[j;Q(6’)ds.]dB>0. (15) 

Since Q(e) is a 2n-periodic function in 0, we can write 

Q(e) = 5 (Q; cos ne + Q; sin no). (16) 
“=I 

The time-independent velocity (14) is 

V = kd(-Q;n) (17) 

and the condition (15) becomes 

Q; < 0. (18) 

The coefficient Q\ of the Fourier series expansion of the 
heat flux function Q(0) plays an important role in the 
existence of a steady velocity within the thermosyphon. 
Physically, of course, all that condition (18) means is 
that we must heat below and cool on top in order to 
obtain flow at a constant velocity. The stability of this 
solution is a different matter which will be dealt with 
later. 

4. TIME-DEPENDENT PROBLEM 

(8) 
Analytic solutions for equations (8) and (9) have not 

been obtained. Following Malkus [ 191, we can reduce 
them to an infinite set of ordinary differential equations 

(9) 
using the 2n-periodicity of the non-dimensional 
temperature 4(0,7) in the coordinate 8. We write 

4(e,7) = d;(t)+ f c&(7) cos ne++;t7) sin ne]. 
n=, 

Indicating the time-independent values of v(7) and 
d(f7,7) by 0 and B(e), respectively, equations (8) and (9) 
simplify to 

s 

2n 

lfj= TCOS ede (10) 
0 

and 

if $ = Q(0). (11) 

Integrating equation (11) around the loop, we get 

s 
2n Q(0) de = 0 (12) 
0 

which is a necessary, but not sufficient, condition for the 
existence of the following time-independent solutions : 

d;(e) = ; j-‘Q(@)@‘+$o (13) 
0 

V= i\i{J;‘cos#-:Q(@)dB.]dBj (14) 

where q. is a constant. 

(19) 

Substituting this and equation (16) into (8) and (9), we 

have 

dv 
& + v = J&(7) 

cos ne+s sin 
dr 

nB 

(20) 

+V f (-n&sin ne+n95s,~~~ ne) 

"=I 

="E, (Qf, cos ne+Q; sin ne}. (21) 

Multiplying equation (21) by cos me and integrating 
from 0 to 2n we get 

~+vm& = Q;, m = 0,1,2,... (22) 

where Qz = 0. 
Repeating the process with sin me, 

&4t 
--urn& = QR, 
dr 

m = 1,2,... (23) 
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Equations (20), (22) and (23) represent an infinite set of 
ordinary differential equations in the unknowns u(7), 
@g(z), cfim(7), &(r}, (m = 1,2,.. .). The velocity u(7) is 
uniquely determined, however, by a subset of three 
equations which decouple from the rest. For m = 1, 
equations (22) and (23) become 

d#; 
-&--V& = Q”,. 

The unknowns are the non-dimensional velocity v(7) 
and the Fourier coefficients & and 4; of the non- 
dimensional temperature distribution. A three- 
dimensional phase space can be used to plot the 
trajectory of the solution in time. 

The equations can be put in a neater form by writing 
v=x,n~E=y,“Ch:=z,~QEl=a, -nQi=b.With 
this notation, equations (20), (24) and (2.5) take the form 

dx/d7 = y-x 124) 

dy/dz = a - zx (27) 

dz/dz = xy-b. (28) 

The rest of the equations (22) and (23) can be 
explicitly integrated once v(7) is known. 

The physical significance of parameters a and b can 
be clarified in the foilowingmanner. Consider a heating 
flux of the form 

Q= -&sin(Il-a) (29) 
71 

which represents heating and cooling sections inclined 
with respect to the horizontal. From (16) we obtain 

withQ;=Q”,=Oforn>l. 
The parameters a and b can be obtained as 

a = Q sin 01 

b = & cos a. 

On keeping 0 constant and varying 01, the point (b, a) on 
a map such as Fig. 2 would trace a circle with its center 
at the origin and radius a. 

The important case of symmetrical heating and 
cooling about a vertical diameter of the torus 
corresponds to a = 0. 

5. CRITICAL POINTS AND THEIR LINEAR 
STABILITY 

For b < 0, equations (26)-(28) do not have any 
critical points. At b = 0 there is a limit point bifurcation 
and two critical points P+ and P- appear for b > 0. 

o=b 
t/t 

(a) 

-- 
b 

UNSTABLE 

I UNSTABLE 

b 
-- 

tb) 

0’ -b 
t/t 

FIG. 2. Stability map for (a) P+ and (b) P-. 

These are given by the coordinates 

(X, Y, .8 = f (& Jb, al Jb). (30) 

The positive sign is for P + and the negative sign for P-. 
These results check with the time-independent 
solutions obtained in Section 3. 

Linear stability of the critical points can be analyzed 
by putting 

x = X+f exp (at) (31) 

y = jj+j, exp (ar) (32) 

2 = Z+i exp (~7) (33) 

where the amplitudes 3, V and i of the perturbations are 
small. Substituting 
linearizing, we get 

i 

a+1 -1 

z 5 

IP f 

in equations* (26H28) and 

(34) 

Solutions for 1, 3 and i, are non-trivial only if the 
determinant of the equations vanishes. 

This reduces to the characteristic equation 

a3+ITZ+(Z2+&7+X(X+~) = 0. (35) 

Substituting the coordinates of the critical points {30), 
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we have 

03+aZ+(b+a/db)a+2b = 0. (36) 

The positive sign is for the critical point P+ and the 
negative for P-. For stability the roots should have 
negative real parts. Applying the Routh-Hurwitz 
criterion (see, for example, [23]), we can obtain stability 
maps for each of the critical points P+ and P-, as shown 
in Fig. 2. 

6. NUMERICAL TRANSIENT SOLUTIONS 

The divergence of the right hand side of equations 
(26)-(28) is - 1. This means that the system is dis- 
sipative and any initial volume in the x, y, z phase space 
will be reduced in time at a rate proportional to e-‘. 
Some kind of attractor is expected for every bounded 
solution. 

Results based on a Runge-Kutta numerical scheme 
have been obtained using a time step-length AZ = 0.01. 
These fall into the following representative cases : 

(a) b < 0, no critical point exists. The Auid velocity x 
goes to zero while one or both Fourier coefficients ofthe 
temperature y and z become unbounded. This case 
corresponds to heating at a higher level than the 
cooling. Of course, since heat conduction rather than 
convection is the dominant heat transfer mode here, the 
present mathematical model does not represent reality. 

(b) b > 0, a s b3’2, two critical points exist, one (P’) 
stable and the other (P-) unstable. Starting from any 
initial condition different from P-, the time-dependent 
solution is attracted to the critical point P+ as time goes 
on. Figure 3 shows the projections ofsuch a solution on 
the xy and xz plane as well as the function x(7), for 

3.00- 

2.50'- 

Y 

zoo- 

150,- 

the initial condition x(O) = y(0) = z(0) = 1 with a = 2, 
b= 1. 

(c) b > 0, a = b3’2, two critical points exist, one (P’) 
neutrally stable and the other (P-) unstable. Near P+ 
the characteristic equation (36) can be factorized for 
a = b3j2 to give the roots - 1, *,/(2b)i. Near this criti- 
cal point then, the negative root leads to a damped solu- 
tion while the conjugate imaginary roots correspond 
to oscillations at a frequency ,/(2b). Passing from the 
stable to the unstable side of the neutral curve, we 
change from damped to stationary oscillations. This 
represents a Hopf bifurcation. Figure 4 illustrates the 
neutrally stable case with a = b = 1 and x(O) = 2, 
y(0) = 1 and z(0) = 1. 

(d) b > 0, a < b3/2, two critical points exist, both 
unstable. For values of a near b’12, the neutrally stable 
limit cycle solutions in the previous case carry over 
as illustrated in Fig. 5 with a = 0.75, b = 1 and x(0) = 
y(O) = z(O) = 1. Farther away from the neutral stab- 
ility curve, this periodic motion becomes gradually 
more complex as shown in Fig. 6 for a = 0.5, b = 1 
and x(O) = y(0) = z(0) = 1. In fact, for a = 0.25, 
b = 1 and a = 0, b = 1 (Figs 7 and 8, respectively), the 
trajectories of the solution in three-dimensional phase 
space take on very complicated shapes. Plotted against 
time, the dependent variables appear chaotic as in 
strange attractor solutions [24]. At any sufficiently 
large time, the calculated value of the variables are very 
sensitive to small changes in initial conditions. 

7. PERIODIC SOLUTIONS 

For periodic solutions it can be shown that, for one- 
dimensional thermosyphons of any configuration, the 

Frc.3. (a) 
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FIG. 3. Numerical solution for a = 2, b = 1. Initial conditions (1, 1,l). (a) xy projection, (b) xz projection, 
and (c) x(z). 

root mean square velocity is equivalent to the value 
calculated for the (possible unstable) steady state 
velocity [iI. The present is only a speciaf case and the 
theorem can be demonstrated very simply. We assume 

We indicate an average over a period r* by 

<*> =,‘; 
5 

rg+r’ 
* dz. (38) 

IO 

x, y and z in equations (26)-(28) to be periodicsuch that ~ultipl~ng equation (26) by x and avera~ng over a 

X(&J) = x(&J + t”) period we get 

Y(G) = Y(% + 7*1 (37) (x2> = <XY>. (39) 

Z(T()) = Z(T, + z*) Averaging equation (28) we have 

for all to. (xy} = b. WI 
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From these and the time-independent solutions (30), 

xl/X = 1 (41) 

where x’ is the root mean square value of the periodic 
solution, defined by ,/((x”)). 

In the stable region of the parameters a and b, we 
know that x-+X as 7 + co. The time-independent 
solution x = X satisfies the conditions (37), not only for 
all z. but also for all 7*. The root mean square velocity x’ 
is the constant velocity X itself and equation (41) is thus 
satisfied as 7 + 00. 

zoo- 

1.50.- 
Y 

1.00 - 

0.50 - 

In the unstable region, the solution ranges from 
periodic to apparently chaotic. Even here, the root 
mean square values x’ tend to _% for large integration 
times. This is demonstrated in Table 1 in which Y/X is 
shown for a = 0 and different values of b. to and 7* are 
taken as zero and 1000, respectively. Since relation (41) 
is closely satisfied, it would seem that even in this 
chaotic region, the solution can be taken to be periodic 
with a sufficiently long period. 

In the experimental results reported by Creveling et 
al. [6], values of the “time-averaged” mass flux 

0 

(a) 
o.;o 1.00 1.50 2.00 

X 

0’ o.;o . 
1.00 1.50 2.00 

X 
(b) FIG.~. 
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FZG. 4. Num+zrical solution for a = 1, b = 1. Initial conditions (2,1,1). (a) xy projection, (b) xz projection, 
and (c) x(z). 

corresponded to calculated steady state values. In their 8. CONCLUSIONS AND DtSCUSSlON 
words “it is clear that the correlation between the 
steady-state prediction and experiment is suitable not The toroidal configuration is the simplest thermo- 
only for steady flows, but for the unstable oscillatory syphon loop that can be considered for theoretical 
flow conditions as well”. 
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study. The present work has assumed a known heat 

FIG. 5. 
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The toroidal thermosyphon with known heat flux 

I 
10.00 2000 30.00 40.00 50.00 

T 

FIG. 5. Numericalsolutionfora = 0.75,b = l.Initialconditions(l, 1, l).(a)xyprojection,(b)xzprojection,and 
(c) x(4. 

flux distribution all around the torus. The complete behaviors. For all these cases we get the same root mean 
transient problem is shown to depend on the solution of square fluid velocity as for time-independent flow 
three non-linear ordinary differential equations (26)- under the same conditions. All these results have 
(28). A wide range of solutions to those equations are qualitative confirmation in reported experiments, 
possible. Depending on the heating distribution, we can though no quantitative comparison is possible. 
obtain constant stable, periodic or apparently chaotic The equations governing the toroidal thermosyphon 
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with heatingmode(c)can bereducedtoadifferent set of On taking r’ = 0, corresponding to symmetric 
three non-linear ordinary differential equations [12, heating about a vertical diameter, these equations 
131. These are in the notation of [13] reduce to the Lorenz equations [lS] which have been 

dx/‘dz = pfy--x) 
amply studied. For r < 1, only one critical point exists 
at the origin and is stable. In the range 1 c r < p(p +4)/ 

dy/dr = --y+rx-zxtr (p-2), two other stable critical points appear and the 
critical point at the origin is unstable. If r > PO, + 4)/ 

dz/dr = xy - z. (p-2) all critical points are unstable and chaotic 

(4 

(b) 

- 4.0 

t -5.00 

FIG. 6. 
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2.00 

X 

1.00 

0 
0 

FIG. 6. Numerical solution for a = 0.5, b = 1. Initial conditions (1, 1,l). (a) xy projection,(b) xz projection, and 
(c) X(T). 

solutions may appear. The principal difficulty Damerell and Schoenhals [7] which purport to 
presented by this heating mode is that the origin is demonstrate the contrary are incorrect since they are 
always a critical point. This zero velocity is not a valid based on an approximation which is invalidated at 
time-independent solution in experimental models small velocities. An exact analysis shows that only two 
with symmetric heating mode (a). Results shown by symmetrically placed time-independent solutions exist, 

FIG. 7. 
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FIG. 8. 
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FIG. 8. Numerical solution for a = 0, b = 1. Initial conditions (1, 1,l). (a) xy projection, (b) xz projection, 
and (c) x(r). 

Table 1. Values of x’/x for a = 0 and 
different values of b 

b X‘p 

2. M. Sen and C. Trevifio, One dimensional thermosyphon 
analysis, Latin Am. J. Heat Mass Transfer 7, 135-150 
(1983). 

3. J. B. Keller. Periodic oscillations in a model of thermal 

0.5 0.9943 
1.0 0.9914 
1.5 0.9970 
2.0 1.0007 
2.5 0.9948 
3.0 0.9963 
3.5 0.9976 
4.0 0.9997 
4.5 0.9968 
5.0 0.9962 

Initial values of(x,y, 2) are (1, 1,l) 
and integration is from T = 0 to 
1000. 

which is also true for the heating mode (b) analyzed 
here. In this respect, heating mode(b) is a more realistic 
approximation to experiments as compared to mode 
(c). The equations corresponding to heating mode (a) 
cannot, in general, be reduced to a set of three ordinary 
diflerential equations. The infinite set remains coupled. 

8. 

9. 

10. 

11. 

12. 
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APPENDIX 

Here we transform the toroidal thermosyphon problem 
with heating flux (a) to a set of ordinary differential equations. 
For convenience we shall refer to a problem studied by 
numerous authors [6-S] in which the lower half of the torus is 
heated by a constant heat flux and the upper half cooled by a 
heat exchanger with constant wall temperature. Using the 

notation of Greif et al. [8] we have 

l#Jcosl?de (Al) 

-204, o<ecn 

x<e<2x 
(A2) 

where w, I#J and z are the non-dimensional velocity, 
temperature and time, respectively. r and D are system 
parameters. The angle 0 is measured as in Fig. 1. 

Taking 

tie, T) = 2 [C,(r) cos nd +S,(r) sin no] 
“=O 

(A3) 

from equation (Al) we get 

dw 
x + I-w = $ C,(t). 

Equation (A2) gives, for the two modes, 

dcm 2n 
dr+2nwmS,= -DCm+z ; S.[(-l)m+“-l]-- 

“=O n2-m2 
ntm 

dS, 
dr -2xwmC, = - DS,,, 

2m 
+t f C.[(-1)“+=-l]- +20[1-(-1)“]. 

n=ll m2-n2 7tm 

These constitute an infinite set of coupled equations. If the 
summationin(A3)is takenonlyoveroddvaluesofn,asin [20], 
the first three equations decouple from the rest and can be 
transformed to the Lorenzequations through a simple change 
in variables. 

LE THERMOSIPHON AVEC FLUX THERMIQUE CONNU 

R&sum-On discute le comportement d’un thermosiphon avec un flux de chaleur connu autour de la boucle. 
Des criteres sont ttablis pour les solutions permanentes. Les tquations du probl&me variable sont 
transform&es en un systbme infini d’kquations diff&rentielles. La vitesse peut ntanmoins etre d6terminbe g 
partir d’un systPme de trois equations qui est d6couplt du reste. L’existence et la stabilitk des points critiques de 
ces equatidns sont examintes, et des solutions numtriques typiques pour diff&rentes valeurs des parambtres 

op&atoires sont prksenttes. Des solutions chaotiques sont montrCs possibles. 

DER TORUSFt)RMIGE THERMOSYPHON MIT VORGEGEBENER W.&RMESTROMDICHTE 

Zusammenfassung-Dieser Aufsatz behandelt das Verhalten eines torusfijrmigen Thermosyphons mit am 
gesamten Umfang vorgegebener Wlrmestromdichte. Zuerst werden die Kriterien fiir stationiire Liisungen 
festgelegt. Dann werden die Gleichungen, die das instationlre Verhalten beschreiben, in einen unendlich 
groBen Satz von gewiihnlichen Differentialgleichungen transformiert. Die Strcmungsgeschwindigkeit 1lDt 
sich dabei allerdings aus einem Satz von drei Gleichungen ermitteln, die nicht mit den restlichen gekoppelt 
sind. Existenz und Stabilitit der kritischen Punkte dieser Gleichungen werden iiberpriift. Fiir verschiedene 
Werte der wesentlichen Parameter werden typische numerische Liisungen angegeben. Dabei zeigt sich, da13 

chaotische Msungen maglich sind. 

TEPMOCM@OH TOPOWAAJlbHOI? @OPMbI C MSBECTHOti flJIOTHOCTbI0 
TEI-IJIOBO~O HOTOKA 

AHHOTW~-PaCCMaTpHBaeTCS Pe%iM pa6oTbl TepMOCi@OHa TOpOHAaJlbHOii +OPMbI C H3BWTHOii 

FIJIOTHOCTbhJ TenJIOBOrO nOTOKa II0 KOHTYPY. BHaqane BbI8eAeHLJ KpHTepW, CTaUeOHapHbIX PEZlIeHliii. 

3aTCM OCHOBHbIe HeCTaIUiOHapHble YpaBHeHHsl npeo6pa3osanbI B 6eCKOHe~HyfO CHCTeMy 06wIHbIx 

Ae~~epeH~anbypaBHeHBg. OAHaKO nOKa3aH0, qT0 CKOpOCTb nOTOKa MOlKeT 6biTb OnpeAeneHa U3 

CRCTCMU, COCTOflUeii TOJIbKO A3 TWX ypaBHeHH8. PaCCMaTpHBaeTCK CyIAeCTBOBaHHe li yCTOh,BOCTb 

KPATH’IeCKHX TOqeK 3TI(X YpaBIieHHii, H IIPeACTaBJleHbI TWnHqHbIe YWCJIeHHbIe @ZUIeHHn AJIll pa3JIWIHbIX 

3HaWHHfi OCHOBHbIX napaMeTpB. nOKa3aHa B03MOmHOCTb nOlB,IeHHIl XaOTWIeCKHX wL,,eHHii. 


